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ITERATED DIRICHLET PROBLEM FOR
THE HIGHER ORDER POISSON EQUATION
H. BEGEHR - T. VAITEKHOVICH
Convoluting the harmonic Green function with itself consecutively
leads to a polyharmonic Green function suitable to solve an iterated Diri-
chlet problem for the higher order Poisson equation. The procedure works
in any regular domain and is not restricted to two dimensions. In order
to get explicit expressions however the situation is studied in the complex
plane and sometimes in particular the unit disk is considered.
1. Polyharmonic Green Functions
Let D ⊂ C be a regular domain in the complex plane, i.e. bounded with





















holds for ω ∈ C1(D; C) ∩C(D; C). Moreover the harmonic Green function
G1(z,ζ ) exists satisfying for any ζ ∈ D
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• G1( · ,ζ ) is harmonic in D\{ζ},
• G1(z,ζ )+ log |ζ − z|2 is harmonic for z ∈ D,
• G1(z,ζ ) = 0 for z ∈ ∂D,
• G1(z,ζ ) = G1(ζ ,z) for z,ζ ∈ D, z 6= ζ .
As follows from the maximum principle for harmonic functions G1(z,ζ ) is




G1(z,ζ ) is called the harmonic Green function.
The Green function is the tool to solve the Dirichlet problem for the Poisson
equation
∂z∂z ω = f in D, ω = γ on ∂D,










G1(z,ζ ) f (ζ )dξdη , (1)
where ∂νζ denotes the outward normal derivative and sζ the arc length parameter
on ∂D with respect to the variable ζ . The kernel −1
2
∂νζG1(z,ζ ) is the Poisson






as in that case
G1(z,ζ ) = log
∣∣∣1− zζζ − z ∣∣∣2.
Because of its weak singularity G1(z,ζ ) can be inserted instead of f (z) in the
area integral in (1). Denoting
Ĝ2(z,ζ ) =− 1pi
∫
D
G1(z, ζ˜ )G1(ζ˜ ,ζ )dξ˜dη˜ (2)
and comparing this with formula (1) obviously Ĝ2( · ,ζ ) is the solution to the
Dirichlet problem
∂z∂z Ĝ2(z,ζ ) = G1(z,ζ ) in D, Ĝ2(z,ζ ) = 0 on ∂D






G1(z, ζ˜ )∂ζ˜∂ζ˜ Ĝ2(ζ˜ ,ζ )dξ˜dη˜ ,
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where Dε = {ζ˜ ∈ D : ε1 < |ζ˜ − ζ |, ε2 < |ζ˜ − z|} for small enough, positive
ε = (ε1,ε2). Applying the Gauss theorem and letting the ε’s tend to zero then
(2) follows.
Evaluating (2) for D= D shows Ĝ2(z,ζ ) =
= |ζ−z|2 log
∣∣∣1− zζζ − z ∣∣∣2+(1−|z|2)(1−|ζ |2)[ log(1− zζ )zζ + log(1− zζ )zζ
]
. (3)
This biharmonic Green function differs from [1, 2, 4–6]
G2(z,ζ ) = |ζ − z|2 log
∣∣∣1− zζζ − z ∣∣∣2− (1−|z|2)(1−|ζ |2), (4)
which is also a biharmonic Green function but not a primitive of G1(z,ζ ) with
respect to the Laplacian ∂z∂z. Both these functions satisfy
• they are biharmonic in z ∈ D\{ζ} for any ζ ∈ D,
• adding |ζ − z|2 log |ζ − z|2 produces a biharmonic function in z ∈ D for
any ζ ∈ D,
• they are symmetric in z and ζ for z 6= ζ .
However their boundary behaviors differ. While
· Ĝ2(z,ζ ) = 0, ∂z∂z Ĝ2(z,ζ ) = 0 for z ∈ ∂D, ζ ∈ D
instead
· G2(z,ζ ) = 0, ∂νζG2(z,ζ ) = 0 for z ∈ ∂D, ζ ∈ D
holds. From




log |ζ˜ − z|2 log |ζ˜ −ζ |2− log |ζ˜ − z|h1(ζ˜ ,ζ )−
log |ζ˜ −ζ |2h1(z, ζ˜ )+h1(z, ζ˜ )h1(ζ˜ ,ζ )
]
dξ˜dη˜
it is seen that
G2(z,ζ ) =−|ζ − z|2 log |ζ − z|2+h2(z,ζ )
with a biharmonic h2(z,ζ ). This follows because− log |ζ −z|2 is a fundamental
solution to the Laplace operator ∂z∂z and
∂z∂z |ζ − z|2[log |ζ − z|2−2] = log |ζ − z|2.
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Hence, Ĝ2(z,ζ ) is a smooth function, moreover it is obviously symmetric. Pro-
ceeding with Ĝ2 as before with G1 leads to
Ĝ3(z,ζ ) =− 1pi
∫
D
G1(z, ζ˜ )Ĝ2(ζ˜ ,ζ )dξ˜dη˜
being a solution to the Dirichlet problem
∂z∂z Ĝ3(z,ζ ) = Ĝ2(z,ζ ) in D, Ĝ3(z,ζ ) = 0 on ∂D
for any fixed ζ ∈ D. As
(∂z∂z)2Ĝ3(z,ζ ) = G1(z,ζ )
its boundary behavior is
· Ĝ3(z,ζ ) = 0, ∂z∂z Ĝ3(z,ζ ) = 0, (∂z∂z)2Ĝ3(z,ζ ) = 0, z ∈ ∂D, ζ ∈ D.
Moreover
· Ĝ3(z,ζ )− 14 |ζ − z|
4 log |ζ − z|2 is triharmonic in z ∈ D, ζ ∈ D.
But its symmetry in both variables is not obvious.
Inductively
Ĝn(z,ζ ) =− 1pi
∫
D
G1(z, ζ˜ ) Ĝn−1(ζ˜ ,ζ )dξ˜dη˜ (5)
is defined for 2≤ n. It has the properties
• Ĝn( · ,ζ ) is polyharmonic of order n in D\{ζ},
• Ĝn(z,ζ )+ |ζ − z|
2(n−1)
(n−1)!2 log |ζ − z|
2 is polyharmonic of order n for z ∈ D,
• (∂z∂z)µĜn(z,ζ ) = 0 for 0≤ µ ≤ n−1 and z ∈ ∂D
for any ζ ∈ D.
For convenience Ĝ1(z,ζ ) = G1(z,ζ ) is used.
Lemma 1.1. The polyharmonic Green function Ĝn is symmetric in its variables.
Proof. That Ĝ1 is symmetric follows from the harmonicity of
Ĝ1(z,ζ )− Ĝ1(ζ ,z) for z ∈ D.
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As Ĝ1 is a non-negative function, a consequence of the maximum principle
lim
z→∂D
[Ĝ1(z,ζ )− Ĝ1(ζ ,z)]≤ 0
for any ζ ∈ D. Again using the maximum principle for harmonic functions the
symmetry follows after interchanging the roles of both variables. This immedi-
ately shows also G2 to be symmetric. Assuming Ĝn−1 is symmetric besides
∂z∂z Ĝn(z,ζ ) = Ĝn−1(z,ζ )
from the symmetry of Ĝn−1 also





Ĝ1(z, ζ˜ )Gn−2(ζ˜ ,ζ )dξ˜dη˜ = Ĝn−1(z,ζ )
follows. Hence Ĝn(z,ζ )− Ĝn(ζ ,z) is harmonic in z∈D for any ζ ∈D. Because




[Ĝn(z,ζ )− Ĝn(ζ ,z)] = 0.
By the maximum principle the symmetry follows.
















nω(ζ )dξdη . (6)

















ω(ζ )]+∂ζ [Ĝn(z,ζ )∂ n−1ζ ∂
n
ζω(ζ )]+
−∂ζ [∂ζ Ĝn(z,ζ )(∂ζ∂ζ )n−1ω(ζ )]−∂ζ [∂ζ Ĝn(z,ζ )(∂ζ∂ζ )n−1ω(ζ )]+
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follows. Using formula (1) then (1.2) is a consequence.




∣∣∣1− zζζ − z ∣∣∣2− n−1∑µ=1 1µ |ζ − z|2(n−1−µ)(1−|z|2)µ(1−|ζ |2)µ
is generalized to an arbitrary regular domain D, it has the properties
• Gn( · ,ζ ) is polyharmonic of order n in D\{ζ}, ζ ∈ D,
• Gn(z,ζ )− |ζ − z|
2(n−1)
(n−1)!2 log |ζ − z|
2 is polyharmonic for z ∈ D, ζ ∈ D,
• (∂z∂z)µGn(z,ζ ) = 0, 0≤ 2µ ≤ n−1, for z ∈ ∂D, ζ ∈ D,
• ∂νz(∂z∂z)µGn(z,ζ ) = 0, 0≤ 2µ ≤ n−2, for z ∈ ∂D, ζ ∈ D,
• Gn(z,ζ ) = Gn(ζ ,z) for z,ζ ∈ D.
Using this function another representation formula is available.
Lemma 1.3. The polyharmonic Green function Gn satisfies
(∂z∂z)n−1Gn(z,ζ ) = log |ζ − z|2+ h˜(z,ζ )
with a function h˜ being harmonic in z ∈ D for any ζ ∈ D. Also
(∂ζ∂ζ )
n−1Gn(z,ζ ) = log |ζ − z|2+h(z,ζ )
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(∂z∂z)n−1Gn(z,ζ ) = log |ζ − z|2+(∂z∂z)n−1hn(z,ζ ).




























nω(ζ )dξdη . (7)
For the particular case of D=D this representation is explicitly given in [7, 9].
For this formula for the upper half plane see [8, 10].




































µGn(z,ζ )∂νζ (∂ζ∂ζ )
n−µ−1ω(ζ )+








n−1Gn(z,ζ )∂ζ∂ζω(ζ )dξdη .
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Using the result of Lemma 2
(∂ζ∂ζ )
n−1Gn(z,ζ ) = G1(z,ζ )+ ĥ(z,ζ )











[G1(z,ζ )+ ĥ(z,ζ )]∂ζ∂ζω(ζ )dξdη .











∂ζ [ ĥ(z,ζ )∂ζω(ζ )]+∂ζ [ ĥ(z,ζ )∂ζ ω(ζ )]+








ĥ(z,ζ )∂νζω(ζ )−∂νζ ĥ(z,ζ )ω(ζ )
}
dsζ
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because of the boundary behavior of Gn. This is (7).
Obviously there are many more polyharmonic Green functions and related
integral representation formulas, see e.g. [3, 6]. An example of a tetraharmonic
hybrid Green function is the convolution of G2 with Ĝ2
H4(z,ζ ) =− 1pi
∫
D
G2(z, ζ˜ )Ĝ2(ζ˜ ,ζ )dξ˜dη˜ .
Because G2 is a fundamental solution of (∂z∂z)2 it is a solution to
(∂z∂z)2H4(z,ζ ) = Ĝ2(z,ζ ) in D for anyζ ∈ D.
Moreover
H4(z,ζ ) = 0, ∂νzH4(z,ζ ) = 0 for z ∈ ∂D, ζ ∈ D.
As Ĝ2 is a fundamental solution of (∂ζ∂ζ )
2 it solves
(∂ζ∂ζ )
2H4(z,ζ ) = G2(z,ζ ) in D for any ζ ∈ D
and satisfies
H4(z,ζ ) = 0, ∂ζ∂ζ H4(z,ζ ) = 0 for ζ ∈ ∂D, z ∈ D.
Hence H4(z,ζ ) has the properties
• H4(z,ζ ) is tetraharmonic for z ∈ D\{ζ} and for ζ ∈ D\{z},
• H4(z,ζ )+ |ζ − z|
6
3!
log |ζ − z|2 is tetraharmonic for z, ζ ∈ D,
148 H. BEGEHR - T. VAITEKHOVICH
• H4(z,ζ ) = 0, ∂νzH4(z,ζ ) = 0, (∂z∂z)2H4(z,ζ ) = 0, (∂z∂z)3H4(z,ζ ) = 0
for z ∈ ∂D, ζ ∈ D,
• H4(z,ζ ) = 0, ∂ζ∂ζ H4(z,ζ ) = 0, (∂ζ∂ζ )2H4(z,ζ ) = 0,
∂νζ (∂ζ∂ζ )
2H4(z,ζ ) = 0 for ζ ∈ ∂D, z ∈ D.
Obviously H4(z,ζ ) is not symmetric in its variables.


























3H4(ζ ,z)ω(ζ )+∂νζ (∂ζ∂ζ )
2H4(ζ ,z)∂ζ∂ζω(ζ )+
+∂νζ ∂ζ∂ζH4(ζ ,z)(∂ζ∂ζ )
2ω(ζ )+













































−(∂ζ∂ζ )µH4(ζ ,z)∂νζ (∂ζ∂ζ )3−µω(ζ )
}
dsζ+














3ω(ζ )+∂νζ ∂ζ∂ζH4(z,ζ )(∂ζ∂ζ )
2ω(ζ )+
+∂νζ (∂ζ∂ζ )















∂νζ ∂ζ∂ζ H4(ζ ,z)(∂ζ∂ζ )
2ω(ζ )−∂ζ∂ζ H4(ζ ,z)∂νζ (∂ζ∂ζ )2ω(ζ )+
+∂νζ (∂ζ∂ζ )












The above representation formulas leads to different boundary value problems.
Inserting the respective boundary values in the boundary integrals and the inho-
mogeneity of the higher order Poisson differential equation obviously provides
a weak solution to the Poisson equation. However the boundary behavior has to
be verified. As is well known e.g. from the Cauchy integral not every boundary
integral representation formula attains its layer function as boundary values.
Theorem 2.1. The unique solution to the Dirichlet problem
(∂z∂z)nω = f in D, (∂z∂z)µω = γµ , 0≤ µ ≤ n−1 on ∂D,














Ĝn(z,ζ ) f (ζ )dξdη .
(11)
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∂νζ Ĝ1(z,ζ )γ(ζ )dsζ = γ(ζ0), ζ0 ∈ ∂D




















(∂z∂z)ρω(z) = γρ(ζ0), ζ0 ∈ ∂D.
Theorem 2.2. The Dirichlet problem
(∂z∂z)nω = f in D, (∂z∂z)µω == γµ , 0≤ 2µ ≤ n−1, ∂νz(∂z∂z)µω = T̂ γµ , 0≤
2µ ≤ n− 2, on ∂D, for f ∈ L1(D;C), γµ ∈ Cn−2µ(∂D;C), 0 ≤ 2µ ≤ n− 1,



























As Gn are not related by a recursion scheme the proof is not obvious. That
(12) provides a weak solution to the differential equation follows from the prop-
erties of Gn. Uniqueness also follows immediately from (12). If the solution
exists it is of the form (12) as follows from the representation formula (7). In
particular the solution to the related homogeneous problem is identically zero.
The existence proof is achieved by verifying (12) to satisfy the boundary con-
ditions. In the particular case of the unit disk [8] and the upper half plane [10]
this is done.
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Theorem 2.3. The Dirichlet problem
(∂z∂z)4ω = f in D, ω = γ0, ∂νω = γ1, (∂z∂z)2ω = γ2, (∂z∂z)3ω = γ3, on ∂D,








3H4(z,ζ )γ0(ζ )− (∂ζ∂ζ )3H4(z,ζ )γ1(ζ )







H4(z,ζ ) f (ζ )dξdη .
(13)
Proof. The proof is given only for the particular case of the unit disk D. The
solution (13) can be written as
ω(z) = ω0(z)− 1pi
∫
D






∂νζ ∂ζ∂ζ G2(z,ζ )γ0(ζ )−∂ζ∂ζ G2(z,ζ )γ1(ζ )+
+∂νζ ∂ζ∂ζ H4(z,ζ )γ2(ζ )+∂νζH4(z,ζ )γ3(ζ )
}
dsζ (14)
and ω−ω0 is a particular solution to the inhomogeneous equation satisfying the
respective homogeneous boundary conditions.
1. As
∂ζ∂ζ G2(z,ζ ) = log
∣∣∣1− zζζ − z ∣∣∣−g1(z,ζ )(1−|z|2),
∂νζ ∂ζ∂ζ G2(z,ζ ) =
=− ζ
ζ − z −
ζ




1− zζ +2− [g2(z,ζ )−g1(z,ζ )](1−|z|
2),
which for |ζ |= 1 are
∂ζ∂ζ G2(z,ζ ) =−g1(z,ζ )(1−|z|2),
∂νζ ∂ζ∂ζ G2(z,ζ ) =−(1+ |z|2)g1(z,ζ )− (1−|z|2)g2(z,ζ ),
and





G2(z, ζ˜ )∂νζ ∂ζ∂ζ Ĝ2(ζ˜ ,ζ )dξ˜dη˜ ,






G2(z, ζ˜ )∂νζ Ĝ2(ζ˜ ,ζ )dξ˜dη˜ ,
lim
z→ζ0






(1−|z|2)g2(z,ζ )γ0(ζ )dζζ = γ0(ζ0)










































with the Poisson kernel
1−|z|2
|1− zζ |2 .







∂νz∂νζ ∂ζ∂ζG2(z,ζ )γ0(ζ )−∂νz∂ζ∂ζG2(z,ζ )γ1(ζ )+





∂νz∂νζ ∂ζ∂ζ G2(z,ζ ) =−2g1(z,ζ )− (1+ |z|2)[g2(z,ζ )−g1(z,ζ )]+2g2(z,ζ )+
−2(1−|z|2)[g3(z,ζ )−g2(z,ζ )] =
=−(1−|z|2)g1(z,ζ )+3(1−|z|2)g2(z,ζ )−2(1−|z|2)g3(z,ζ ),
∂νz∂ζ∂ζ G2(z,ζ ) =−(1−|z|2)[g2(z,ζ )−g1(z,ζ )]+2|z|2g1(z,ζ ) =
= (1+ |z|2)g1(z,ζ )− (1−|z|2)g2(z,ζ ),











∂νzG2(z, ζ˜ )∂νζ Ĝ2(ζ˜ ,ζ )Tdξ˜dη˜
with on |z|= 1
∂νzG2(z,ζ ) =−[z(ζ − z)+ z(ζ − z)] log
∣∣∣1− zζζ − z ∣∣∣2+
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+|ζ − z|2
[ z
ζ − z +
z






+2|z|2(1−|ζ |2) = 0



















(1−|z|2)g3(z,ζ )γ0(ζ )dζζ = 0
as γ0 ∈C2(∂D;C).


















∂νζG1(z,ζ ) =−2g1(z,ζ )
and for |ζ |= 1
∂νζ Ĝ2(z,ζ ) =−2 |ζ − z|2g1(z,ζ )−2(1−|z|2)






















Remark 2.4. The special assumption D= D is only used in steps 1 and 2. The
last two steps hold in a similar way for any regular domain.
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